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We derive the Abelian - like expression for the lattice SU (N) Wilson loop in arbitrary irreducible 
representation. The continuum Abelian representation of the SU{N) Wilson loop (for the loop 
without selfintersections) that has been obtained by Diakonov and Petrov appears to be a continuum 
limit of this expression. We also obtain the lattice variant of a non - Abelian Stokes theorem and 
present the explicit expression for the matrix Ti used in the Diakonov - Petrov approach. 
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^ i I. INTRODUCTION 

, In order to visualize multidimensional space the projection onto the lower dimensional spaces can be used. The 
analogous idea is used in the non - Abelian gauge theory, where the dynamics is described in terms of certain Abelian 
, variables. This method is called the Abelian Projection 0. 
' ' One of the most important quantities we encounter in gauge theory is the Wilson loop 

^ ■ f 

>: W,[C]=x,{Pexp{i A^dXf,)) (1) 
^ , 

. Here A is the gauge field (that belongs to the Lie algebra of the correspondent gauge group), C is the closed contour, 

^sj ' P denotes the usual path ordering, and Xq is the character considered in the representation q of the gauge group. 

T— I , For the application of the Abelian projection method it is important to have an Abelian - like representation for the 

' Wilson loop. The representation of such kind was derived more than ten years ago by D. Diakonov and V. Petrov j^. 

I For the case of the irreducible representation q of SU (N) it has the form: 

: W,[C] = / D^lc,qi9)e^p{^ I Tt Af^W^dx^), (2) 

(— I ^ where g is the SU{N) gauge transformation and Af^ — gA^^g^ — igd^g^. Here H'^ — Ar_i "^i-ffi, where each 

' Hi denotes the basis element of the Cartan subalgebra of su{N) and (rn^) is the highest weight of the representation. 
The matrices Hi are normalized in such a way that Tr HiHj = 6ij. The gauge transformations are defined on the 
contour C. The measure fj,c^q{g) on the space of gauge transformations is constructed using the invariant measure on 
^ ' the SU {N) group. This construction will be discussed in detail later. 

Both in the monopole and in the P - vortex confinement pictures the confining forces are induced by the magnetic 
fiux contained inside the contour that is correspondent to the worldline of the charged particle In the Abelian 
theory a Stokes theorem is used for counting the magnetic flux. For counting the "magnetic flux" contained inside 
the contour correspondent to the Wilson loop in a non - Abelian theory D. Djakonov and V. Petrov suggested to use 
representation |5J in the following form: 

Wg[C] = / D^cMex^V / Tr5[^A^, H'^dx,, A dx,), (3) 

J JM(C) 

where g is defined on the surface Ai{C) that spans the contour C. The integral of a two - form over this surface is 
denoted by Jj^(^c) ■■■dXfj. A dx,y. The expression Q is known as the non - Abelian Stokes theorem. 

In the present work we consider a lattice variant of the Abelian representation for the non - Abelian Wilson loop 
and the non - Abelian Stokes theorem on the lattice. The representation |2Jl was originally derived in a continuum 
theory. In the later publications (see, for example, 0,13) the approximated lattice variant of ^ was derived. 
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It appears that one of the most fruitful methods of the investigation of the quantum field theory is the lattice 
approach. This approach gives the exact meaning to any field correlator. It is possible both to define and to calculate 
it using the lattice regularization. Without using a lattice numerical investigation this could become possible only for 
the Integrable Models. 

Thus it seems important to derive the lattice variant of (0), which is valid within the lattice SU{N) theory precisely 
(i.e. not only in its naive continuum limit). In this paper such a representation is derived. If we assume that the 
gauge field is smooth enough, then the continuum limit of the derived representation coincides with |2Jl. The non - 
Abelian Stokes theorem on the lattice commonly follows from the lattice Abelian representation of the Wilson loop. 



II. IRREDUCIBLE REPRESENTATIONS OF THE SU{N) GROUP 

In this section we briefly summarize the basic notations of group representation theory that will be used in the next 
sections. 

1. The space V of any irreducible representation of SU{N) consists of the tensors ^'iiia - v- The symmetry of ^' 
is defined by the set of integer numbers qi {i — 1, N — 1) qi = r, qi > 0), which is called the signature of the 
representation. The elements of V are the tensors 

»i (4) 
For any k G {1, ...,qi} the number of indices if is denoted by Cfe. Let us arrange these indices as follows: 

i\ ... ij ... il^ 

a2 -2 

«1 - (5) 
'1 •■• 

Therefore is the length of the i-th line while the hight of the l-ih column is c; . 

2. Let us consider the arbitrary tensor '^^i q . The tensor with the required symmetry can be obtained 

by means of the following transformation: 

*l---^gi ■■■^1 ■■■^Qci ■■■^1 ■■■^gci 

= E(-)'^^"^*5K....J,...-....-], (6) 
s 

where the sum is over the permutations S of the indices. Each permutation that enters the sum consists of the ordered 
product Q X V oi some permutation V inside the lines {i\...i^^) of Q and some permutation Q inside the columns 
{i]...if). P{S) = 0(1) if Q is even (odd). 

3. Let Uij be the N x N matrix that represents a certain element of SU{N). Then the action of this element on V 
is given by: 

= Ui-^j-^Ui2j2---Ui^j^'^j-^j2...j^ (7) 

We shall also write: 

I VP) ->!?,([/) I VP) (8) 

4. Let us represent an infinitesimal element of SU{N) as U = exp(iyls). Here s is an infinitely small parameter 
and A is a matrix that represents a certain element of the Lie algebra su{N). Then (0 defines the representation of 
su{N). We denote the correspondent matrix by 2?g(A): 

Vg{U) = exp(iP,(A)s) (9) 

5. Using the Cartan basis any A e su{N) can be represented as 

A= H'TtAH' + 

{E'^iTi-AE'^y + {E'^)+TrAE'^) (10) 

i<j-i,j = l,...,N-l 
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The Cartan elements of the basis are 

if^ = ^=L==diag(l,...,l,-i,0,...) (11) 

VH« + 1) 

The shift operators are: 

{E'^ab = SaiSbj (12) 

6. The normalized vector lA") ((A"|A") = 1), which is an eigenvector for any operator 'Dq{H'^) is called the weight 
vector. Here A" (a = 1, A'' — 1) are the correspondent eigenvalues: 

Pq(if')|A'') = A'|A") (13) 

Shift operators act on the weight vectors as follows: 

Vq{E'^)\K'') ~ |A» + (a*^y) 
Vq{E'i)+\M') ~ |A"-(a'^)°) (14) 

Here \a) ~ \b) means that \a) = C\b) for some constant C. The numbers a*-' are called the roots of su{N). They 
enter the following commutation relations: 

[if", {E'^)+] = -{a'^f{E'i)+ (15) 

7. The weight vector that is annihilated by each of the operators E^^ is called the eldest vector. The correspondent 

set of numbers A" is called the highest weight and is denoted by m". 

We denote the eldest vector by |0). Up to the normalization factor it corresponds to the tensor 

.1 .ci .01 ~<S«fi...(5^i ...5%. ..5% (16) 

8. The highest weight of the representation q is given by: 

mi= ^L= ={qi+q2 + ... + qi-i-iqi) (17) 
VH* + 1) 

9. The coherent state system correspondent to the representation q is the following subset of V: 

{\g) : \g) = e^^^^^V.igM {g G SUiN))}, (18) 

where 0(g) is a real - valued function on SU{N). 

10. The coherent state system possesses the following completeness relation: 

/ '^^l^^^^' = Wi) (^^^ 

Here D{q) is the dimension of the representation. The measure on SU (N) is normalized in such a way that J dg = 1. 



III. THE ABELIAN REPRESENTATION FOR THE NON - ABELIAN WILSON LOOP ON THE 

LATTICE. 

In this section we consider the lattice SU{N) Wilson loop. As an auxiliary instrument we use the lattice SU{N) 
gauge model coupled to the scalar field $ that belongs to the irreducible representation q of SU{N). In addition this 
scalar field is considered in the presence of the external U{1) gauge field e] — 7r,7r] (that lives on the links of the 
lattice). The partition function has the form: 

Z[e] = ( J D^exp{J2 'i>MU,y)e^%y - V{m (20) 

xy 
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Here U G SU{N) and the average is calculated in a certain SU{N) gauge theory. We assume that the potential 
V is infinitely deep and that it has the minimum at $ = |0) with 1/(|0)) = 0, where |0) is the eldest vector of the 
representation. We also assume that V is invariant under the transformation $ e'^°''Dq{g)^, where a is arbitrary 
real- valued field. 

The idea is that there exist two different ways to rewrite the partition function as a sum over the worldlines of the 
scalar. The first one demonstrates that the partition function of the model generates the non - Abclian Wilson loop 
average (in the representation q) . The second one demonstrates that the same functional also generates the Abelian - 
like expression for the Wilson loop. Finally due to the arbitrariness of the SU{N) measure we obtain the equivalence 
of the Wilson loop itself and its Abelian - like representation. 



A. Z[9] generates the Wilson loops 

The mentioned properties of the potential make it possible to reduce the integration over $ to the integration over 
g G SU (N) and over a real - valued scalar field a. Both fields are defined on the sites of the lattice. Then we can 
rewrite (I2U|I as a sum over the worldlines of the scalar as follows: 



Z[9] = { I DaDgexpC^{Q\V,{g)tV,{U,y) 

e'^-y+'°'y-'"-Vq{g)y\{)))) 
{J DgY^i^nr^'^^^^e'^'^^^^'^ 



Trn 



l-^{9MU,y)\gyy^^'^^^\) (21) 



Here we used the calculus of differential forms on the lattice (for the definitions see, for example, 0). The sum is 
over the closed lattice paths C. The closed lattice path is defined as a map C : Zn = {0, 1, N —1} ^ X (where X is 
a set of the lattice points and N is an integer number) such that for each k G Z^ the points C(fc) and C{[k + l]mod N) 
are connected by a link. The product over all such links is denoted by ^{xy}£Cj where each link is counted once and 
it is implied that x — C{k) and y — C{[k + l]mod A^) for some k. j{C) is an integer - valued link field that corresponds 
to the path C. \jxy\ counts the number of times the given link {a;?;} is encountered when we are moving along the 
path. The sign of jxy reflects the orientation of the path C. So the case |j| > 1 corresponds to the overlapping of the 
different pieces of C. It is worth mentioning that j does not contain the complete information on the orientation of C. 
Therefore different paths may correspond to the same 1 - form j{C). This may happen if C has the selfintersections. 
However, in l|21|l the sum is over C that have different j{C). This means that the sum is indeed over different j(C) 
and each term of the sum depends only upon j{C) (not on C itself). n(j) is the number of points, which enter the 
path represented by j. Also we assume the following notation: 

{j,0)=J2:i-y(^xy^ (22) 

xy 

where the sum is over the links of the lattice. 

We denote {i\T>q{g)\0) = 'Dq{g)io; {0\'Dq{g)^\i) — 'Dq{g)'^^, where \i) is the basis vector of the space V of the 
representation q. The integration over Dg can be performed using the following expressions: 



dgVq{g)+Vq{g)Qj = J^^iJ 



d9'Dq{g)+„Vq{g)o^,Vq{g)+„Vq{g)oj2 
1 



'{^iljl^i2j2 ^ilj2^i2jl) 



M2{q) 

(23) 

Here the measure dg is normalized in such a way that J dg = 1. The first identity reflects the completeness of a 
coherent state system and implies that Mi{q) — D{q), where D{q) is the dimension of the representation. Other 
equations follow from the gauge invariance. The correspondent coefficients Mi{q) depend on the representation and 
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can be calculated explicitly using the expressions for the basis vectors of V and the technique of a strong coupling 
expansion (see, for example, 9]). 



We obtain: 



Z[6]^ {Y,C{my^'^''^''^W,[C]) (24) 



where the sum is over all different C. Wq[C] is the Wilson loop (in the representation q) correspondent to the path 
C : Zpf — > X '. 

Wq[C] = Tr2?,(C/c(o)c(i))2?5(C/c(i)c(2))... 

■■■'^q{Uc{N^i)c{<d)) (25) 

We also denote 

(27r)"(j(c)) 

^^^'^ " (Afi(g))"iO")(M2(q))"2(j)... ^^^^ 

Here ni is the number of points of the path C, where there are no selfintersections, 712 is the number of points where 
C intersects itself once (i.e. where there are two different ka G Z^, {a — 1,2), such that C(fci) = C(fc2)), "-2 is the 
number of points where C intersects itself twice etc (n = m). 

As we have already mentioned, j does not contain the complete information on the orientation of C. Hence we 
extract from (|24|) the sum of the Wilson loops, which have the same j(C). The expression for the vacuum average of 
Wy = ^j[c]=i Wq[C] can be obtained using the Fourier transformation: 

J[C]=1 

^-^J D9exp{-t{l,e))Z[0] (27) 

B. Z[8] generates the Abelian - like expressions for the Wilson loop 

Let us fix the gauge, where $3, — e'"^|0) {a is a real valued field). We get: 



Z[0] - (y D«exp(^(0|I?,(C/,j,)|0)e'(^-+"--"'')) 

xy 



c 



n 



^(0|P,(C/,,)|0)l^(C)-l) (28) 



Here the sum is over C that have different j{C) and 

C{j) = (27r)"«) (29) 

C. Equivalence of the Wilson loop and its Abelian representation 
Recall that H24|) and (|28|l are the different representations of the same quantity. Hence we obtain: 

K) = p^/ «exp(-i(i.9))Z[«] 

= J2 / ^5n{.,}ec(0|I?,(t/.\)|0)l^(C)-l), (30) 
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where we used the gauge invariance of the operation (...) and introduced a new combinatorial factor 

C{i) = (Mi((j)"^«M2(g)"^^'^..)nii„ks^, (31) 

I Mink I ! 

where the sum is over all links of the lattice. The gauge transformation of the link variable Uxy is denoted by 
U^y = gUxyg'^ ■ The measure Dg is defined in such a way that J Dg = 1. 

Due to the arbitrariness of the averaging (...) over the gauge field U we have: 

K^H / ^5n{.,}ec(0|P,(t/.%)|0)l'-l (32) 

Thus the sum of SU{N) Wilson loops that are correspondent to the same 1 - form / can be represented through 
the Abelian - like expressions n{-j,y}.gc(0|Pg([/|j,)|0)l'^''l. For the Wilson loops without selfintersections we have: 

^ w[C] (33) 

Then C[l] = D{q)"^^^ = _D(g)l''l, where \C\ is the length of the loop. In this case H32|) acquires the form: 

W,[C] = D{qf\ I Dgnxyecm,{Ua,y)\0), (34) 

The expression H34|l can be considered as the main result of this paper. In the next section we shall obtain the 
explicit expression for the matrix elements entering H34|l and discuss symmetry properties of (|34|l . 



IV. PROPERTIES OF THE DERIVED REPRESENTATION. 



In this section we derive the expression for {0\T>q{U^y)\0) entering H34() . Also we introduce some new notations in 
order to demonstrate the Abelian nature of H34|l . 

We use the explicit expressions for the eldest vector and for the matrix 'Dq{U) given in the section 2. We can 
represent (0|Pg(?7)|0) as 

{Q\Vq{um =U{U), (35) 

where 

s,s 

...Uq"! q"! ■■■Uq':i q"! (36) 

and the normalization factor K is chosen in such a way that W(l) = 1. Here the sum is over S\ and S\ that are the 
elements of the following tables: 

cl cl cl cl cl cl 

O]^ ... Oj ... D-^ ... ... D 

Si ... Si ^" ^" 



s\ . 


.. s\ 


SI . 


•■ SI 


si^ . 





'-'1 ■•■ ""92 (^37) 

SI' 

(The lines contain qi,q2, ...,qci elements while the columns contain ci,C2, ...,Cq^ elements respectively.) Each of these 
two tables is obtained via the composition of some permutation inside the lines and some permutation inside the 
columns of the following table: 

1 ... 1 ... 1 

2 2 

(38) 

Cl ... 



P{S) — 0(1) if the correspondent column permutation is even (odd). 
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We can rewrite (I36II in a compact form 



U{U)=LJ,AU)u^,,{U)...u;,jU), 



where 



^m{U) — dct 



IM 



(39) 



(40) 



Umi ■■■ Umm 

In order to demonstrate the f/(l) nature of the derived expression for the Wilson foop l|34|l we rewrite it as folfows: 



W,[C] = / D5exp(z(^^j(C))+log(i?(<7))IC|), 



where 



(41) 



(42) 



is a complex - valued link field. Below we shall show that its real part can be treated as a lattice Abelian gauge field. 
(It is worth mentioning that its imaginary part vanishes in a continuum limit. This will be shown in the next section, 
when we shall consider the continuum limit of the derived expressions.) 
The exponent in (|41|l is invariant under the U{N — ci) - transformation 



Ux 



h+{n^)u^yh{ny) 



(43) 



where Vl^ 6 U{N — ci) is attached to the points of the path C, 



/ e*" 
' e'" 



h{^l) 



e*" 

... n j 



(44) 



and 



This transformation acts on as follows: 



A^ 



-^xy — -^xy 1^{(Xx ^^y): 



(45) 



(46) 



where r = 9* is the rank of the representation. This demonstrates that the mentioned U{N — ci) symmetry induces 
the U{1) gauge symmetry and real part of A^ plays the role of the correspondent gauge field. 

In analogy with the continuum theory we obtain the lattice variant of the non - Abelian Stokes theorem: 

Wg[C]^ f Dge^p{i{dAS ,m{C)) + logiD{q))\C\), 



(47) 

where m{C) is the integer - valued plaquette variable that represents the surface that spans the contour C. dA^ is the 
plaquette variable that is defined in an analogy with the Abelian field strength: 

[dA] xyzw — ^xy -^yz -^wz -^xw : (^^) 

where we suppose that the directions (xy) and (yz) are positive. The sum over the plaquettes is denoted by 

{m,dA) = ^ rnxyzw[dA]xyzw (49) 



Let us mention two particular cases, when expression H40|l has the most simple form. 
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For the symmetric {qi = r,q2 = ... = ^tv-i = 0) representations we have: U = Uli. Thus the expression for the 
Wilson loop has the form: 

Wr[C] = I Dgexp {r{\ogUf,J{C)) + log {D{q))\C\) (50) 

(The adjoint representation is an example of such a representation. It corresponds to r = 2.) 

Another simple case corresponds to the absolutely antisymmetric representation {qi = q2 = ■■■ = qr = l,9r+i = 
... = qN-i = 0). In this case we have: 

= det I I (51) 



V. THE CONTINUUM LIMIT. 



In order to consider consistently the continuum limit of a lattice model, its behavior in a small vicinity of the critical 
couplings should be investigated. Only near the point of the second order phase transition the lattice correlation 
length becomes infinite and the lattice spacing can be considered as infinitely small. In the correspondent model the 
continuum gauge field that is not smooth may arise. It was showUjfor example, that such singular configurations of 
a gauge field as the center vortices may survive a continuum limit Q. 

In this paper we consider only smooth continuum gauge fields. The continuum limit of the derived lattice expressions 
in the case of singular field configurations is out of scope of the present consideration. 

Let us consider the expression (|41ll within the lattice SU{N) gauge model that has the second order phase transition. 
Let us also consider the behavior of the following correlator: 

<0{U)Wg[C]> (52) 

Here 0{U) is gauge invariant functional. We assume that C has no sclfintcrsections. We have: 



{0{U)W,[C]) = (0(C/)exp(*(Aj(C)) 

+log(Z?(g))|C|)), (53) 

Here the integration over gauge transformations was absorbed by the average (...). Let us suppose that the singular 
gauge fields do not arise in the continuum limit of the considered model. Then we can use the correspondence: 

U^y {l + iAf,Ax), (54) 

where A is a continuum gauge field and Aa; is an infinite small space distance. In accordance with H54|) {Q\T>q{U)\0) 
corresponds to 

{0\VqiU^y)\0) ^ 1 + i{0\V,iA^)\0)Ax (55) 

Hence it is clear that 

Axy ^ {0\V,iA^)\0)Ax (56) 

and imaginary part of A vanishes in a continuum limit. 

Recall that in the vicinity of the second order phase transition C = Cphys^, where the lattice spacing a tends to 
zero and the physical length of the contour is equal to Cphys = Jq \/ dx^dx^j^. Let us consider such O that it tends to 
a smooth functional of A in the continuum limit. Therefore we can write the continuum limit of l|53|l as follows: 

{0{U)W,[C]) ^ (O(yl)exp [i J {0\VgiA^)\0)dx^ 

+ mq J ^Jdx^j,dxij)) (57) 

where the constant to, is divergent as 

ruq - M\ogD{q), (58) 
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Here M is the ultraviolet cut-off (which in the case of the lattice regularization is equal to the inverse lattice spacing) . 

In gauge theory any Wilson loop always corresponds to the charged particle. The divergence of in Ht)l|) should 
be included into the renormalization scheme for the mass of this particle. 

Let us restore the integration over the gauge transformations. The obtained continuum theory is gauge invariant. 
Hence we can rewrite the last expression as: 



{OiU)W,[C]) = {OiA) J Dgexpil j {Q\V,{A^)\0) 



+ mq ^Jdx^dx^_,)), (59) 



where Dg is the measure on the space of all smooth gauge transformations, defined in such a way that J Dg = l. 
Due to the arbitrariness of the average (...) we have: 



W,[C] = J D^lc{g)exp{^ J {0\Vg{A^)\0) dx^), (60) 

where 

DfJ.c,q{g) = ^{C)Dg = exp{mq J ^/dx^jix^)Dg (61) 

This measure differs from the conventional one, which is normalized in such a way that J Dg ~ 1. Formally J- oo 
in the continuum limit. Thus if we substitute Dg into 101 instead of D^c.qig), then the integral vanishes identically 
in the continuum limit. (This vanishing was pointed out in 7] for some particular choices of A.) 

Of course, in any further application of this formula we should remember that the integration is over the smooth 
gauge transformations and the formula itself is valid only within the model, in which the singular gauge configurations 
are forbidden. 

We use Cartan representation (|10|l of A^ and obtain 

{0\Vg{Aa)\0) = {0\ H'Ti-AsW\0) 

i=l,...,N-l 

= Tr (62) 

Thus the representation H6U|I has the form Q originally proposed by D.Djakonov and V.Petrov |^. 
Using the expressions for the Cartan elements i?* and for the highest weight m* it is easy to calculate Tf. It's 
nonzero elements are: 

E <lk{l^h-,N), (63) 



N 

k=l,...,N 



where we imply that — 0- 

Hence, we can rewrite (|6()|l as follows: 



Wg[C]= f Dfic{g)exp{i f i[Af.Ui}dx^.) (64) 



i=l,...,Af-l 

It is worth mentioning that this expression can be obtained directly from (|41() (with U that is given in (|40|l ). 



VI. CONCLUSIONS 



In this work we have derived the Abelian representation H41(l for the SU{N) Wilson loop on the lattice. This 
representation contains the complex - valued link field. This field is a function of the matrix elements of the SU{N) 
gauge field. possesses the U{1) gauge symmetry. Real part of the mentioned link field can be considered as a 
correspondent gauge field. Its imaginary part vanishes in a continuum limit. 

The Non - Abelian Stokes theorem on the lattice commonly follows from (|41ll . It can be used for "counting" of 
the "magnetic" flux that is contained inside the contour correspondent to the Wilson loop. Let us notice that both 
in the P - vortex and in the monopole pictures of a confinement phenomenon the Wilson loop is approximated by 
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certain Abclian Wilson loop. The Abclian magnetic flux inside the correspondent contour appears to be responsible 
for the confinement. Therefore "counting" of the "magnetic" flux performed with the help of the non - Abelian Stokes 
theorem can be used in related confinement pictures in order to avoid an inexactitude associated with the mentioned 
approximation. 

It is worth mentioning that the continuum limit of the derived expression coincides with the original representation 
obtained by D. Diakonov and V. Petrov. 
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